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Abstract. Let S be the shift operator on the Hardy space and let S* be 
its adjoint. A closed subspace of is said to be nearly S'-invariant if every 
element f & T with /(O) = satisfies S* f & T. In particular, the kernels of 
Toeplitz operators are nearly S'-invariant subspaces. Hitt gave the description 
of these subspaces. They are of the form T = g{H^ uH^) with g £ and 
u inner, u(0) = 0. A very particular fact is that the operator of multiplication 
by g acts as an isometry on H-^ Q uH^ . Sarason obtained a characterization 
of the functions g which act isometrically on Q uH^. Hayashi obtained 
the link between the symbol i/j of a Toeplitz operator and the functions g and 
u to ensure that a given subspace = gKu is the kernel of T^. Chalendar, 
Chevrot and Partington studied the nearly S*-invariant subspaces for vector- 
valued functions. In this paper, we investigate the generalization of Sarason's 
and Hayashi's results in the vector-valued context. 



1. Introduction 

To begin this section, we present the scalar results of Hitt, Sarason and Hayashi 
which will be generalized throughout this paper. 

We denote by the classical Hardy space of analytic functions on the unit disc 
D, and by _ff^(C™) the C™- vector- valued Hardy space consisting of to copies oi H^. 
The shift S is the operator of multiplication by the variable z and S* is its adjoint. 
The (closed) S'*-invariant subspaces of are called model subspaces. They are of 
the form — uH^ , where u is an inner function. 

For Lp € the Toeplitz operator with symbol ip is defined by Ti^/ :— p^{ipf), 
where p+ is the orthogonal projection from onto H^. 

Hitt |Hit88| introduced the nearly S* -invariant subspaces: 

Definition 1.1. A closed subspace T of is said to be a nearly S* -invariant 
subspace if every element f € F with /(O) = satisfies S* f E T . 

In particular, the kernel of a Toeplitz operator is a nearly 5*-invariant subspace. 
Hitt obtained the complete description of this spaces: 

Theorem 1.2 (Hitt, 1988). Let J- be a non-trivial nearly S* -invariant subspace. 
Let g be the unique unit-norm function in T , positive at the origin, that is orthogonal 
to J- D zH^ . Then there exists an inner function u vanishing at zero such that, for 
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all f (z there exists a unique /o G Ku and f = gfo- Furthermore, \\f\\2 = ||/o||2- 
In other words, multiplication by g acts isometrically on Ku- 

Two questions arise. 

(1) The first one was already posed by Sarason in |Sar88| where he made this 
remark: " The latter theorem leaves mysterious the relation between the 
function g and the space K^. Given a function g of unit norm in , what 
are the S* -invariant subspaces that can arise with g in Hitt's theorem? 

(2) Which nearly S'*-invariant subspaces are kernels of Toeplitz operators. 
Sarason obtained the following answer to the first question: 

Theorem 1.3 (Sarason, 1988). Let g be an outer function of unit norm, and u an 
inner function with u{0) — 0. We define two analytic functions on the disc: 

Then the following statements are equivalent: 

(1) multiplication by g acts isometrically from to J- ; 

(2) ^ y^2 b = ubo); 

(3) KuC{l-T,T-,y/^H\ 

The answer to the second question is given by Hayashi in |Hay86| |Hay85[ |Hay90| 
and Sarason found an alternative proof in |Sar94a| . This answer is expressed in 
terms of exposed points of the unit ball of , also called rigid functions. 

Before stating Hayashi's result, we need some definitions. With the previous 
notation, let T — gK^ be a nearly iS'*-invariant space and let b be the function 
associated to g as in Theorem 1 1.31 Because log(l ~ is integrable, we can build 
an outer function a such that |ap + |6p = 1 a.e. on T. Then (6, a) is called a corona 
pair (or pair) associated to g. Thanks to Theorem 11.31 b = ubo. If T is the kernel 
of a Toeplitz operator, then (6o, ci) is a corona pair associated to the outer function 
go ■— a/(l — bo). Some pairs, called special pairs, verify an additional property 
which will be precisely defined in section [S] Admitting this, we can reformulate 
Hayashi's result as follows (see also |Sar94a| ): 

Theorem 1.4 (Hayashi, 1985). The subspace T — gK^ is the kernel of a Toeplitz 
operator if and only if the pair {bo, a) is special and g^ is rigid. 

We would like to generalize the previous theorems to vector-valued functions. 
The paper is organized as follows. In section [2j we define the vector- or matrix- 
valued objects: we recall the inner-outer matricial factorization, we comment on 
the generalization of Theorem 11.21 and we recall the definition of de Branges- 
Rovnyak spaces, the vector-valued analogue of H(&) := (1 — T\jTiY/^ appearing 
in Theorem ll.31 

In section [31 we transcribe Sarason's approach to the vectorial case. We build 
the analogue of the functions b and u. Thanks to de Branges-Rovnyak spaces, we 
obtain the matricial version of Theorem ll.31 The matrices do not commute, so we 
need to modify the original scalar proof given by Sarason. An example illustrates 
this kind of problem. 

In section HI we would like to describe the kernels of Toeplitz operators. We 
begin with some examples. This allows us to illustrate the difficulties due to the 
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dimension, and to establish some notation. We then investigate the descriptions of 
kernels of Toeplitz operators of finite dimension. 

Finally, in section we obtain the full description of the kernels of Toeplitz 
operators. We establish the desired generalization of Hayashi's Theorem. 



2.1. Inner-outer factorization. As usual with Hardy spaces, we identify a func- 
tion with its radial limits. 

Let F, G be two subspaces of C™ of dimension r. Nikolskii, in |Nik02| page 14, 
calls 9 € H°°{¥ — > G) an inner function if its boundary values 0(^) are surjective 
isometrics for a.e. ^ e T. 

It will be more convenient to say that 8 G H°°{C™' — > C™) is an inner function 
if its boundary values Q{^) are partial isometrics for a.e. ^ e T, with kernel and 
range independent of ^ a.e. in T. In other words, an inner function is a square- 
matrix-valued function such that there exist two subspaces F, G of C™ with the 
same dimension r for which 0|f G H°°{¥ — >■ G) is an inner function in the sense of 
Nikolskii. The rank of &{£,) is equal to r for a.e. f S T. 

Here are two examples of inner functions of rank 2. The first one will be discussed 
later (see Theorem 13. 7p . Let be an inner scalar function and a, G Kzo verifying 
|a|2 + |6p = 1 a.e. on T. Define ip e H°°{C^ C^) and 6 e H^{C^ C^) by the 
following formulae: 



Both if, Q are inner of rank 2. Note that (p G H°°{C"' C™) is inner of rank m if 
and only if det ip is inner. 

Recall the Beurling-Lax Theorem |Lax59| : If a closed subspace A4 C i?^(C'") 
is invariant by the shift, then there exists an inner function Q such that A4 = 
0iJ^(C™). This description is unique up to multiplication by an unitary matrix. 

Next, we recall the notion of outer vector- valued function. The outer scalar 
functions are cyclic vectors for the shift. For g G _ff^(C™), we define Q, the small- 
est S*— invariant subspace containing g, by Q :— spa,n{S''g : k S N). Thanks to 
Beurling-Lax theorem, there exists 8, inner with of 1, such that Q = 87?^(C™). 
We say that g is outer if 9 is a constant matrix. Then Q — i?^(9(0)C™). It will 
be useful to write G :— 9(0)C™. Finally, the function 5 is a cyclic vector for S in 



We extend this construction to define the outer matrix-valued functions. Let 
gi,. . . ,gr E i/^(C™), with r < m, be a independent family of vector- valued func- 
tions. Let G € if^(C C™) be the rectangular matrix-valued functions where 
the columns are (gi)f<r- In this case we write G = [gi, . . . ,gr]- It is said to be 
outer if Q := span{S^ge : £ < r, k G N) = 9iJ^(C™), where 8 is a constant partial 
isometry of rank r. Then, we will write G = 8(0)C™, dimG = r, and Q = 77^(G). 
Due to the rank theorem, there exists an unitary mapping 80 : C*" — )■ G. To G, we 
associate G € H'^{<C^ C) such that G :— QqG. This allows us to translate the 
properties of square-matrix-valued functions to rectangular ones. 

For more details about inner-outer factorization of square matrix-valued func- 
tions with determinant different from zero, see [KK97| . In particular the Definition 
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5.3 in |KK97| of Beurling left outer function coincides with that of outer given 
above. The Smirnov-Nevanhnna class A/'^(C™ C™) of square matrix- valued 
functions is the set of all matrices with entries in the scalar Smirnov-Nevanlinna 
class. The Definition 3.1 in [ KK97J of outer function in A/'+(C™ C™) is that E 
is outer if det E is outer in A/""*". The authors shows that all definitions of outer 
functions are equivalent in 7J^(C'" — >■ C"). Theorem 5.4 in [KK97j says that, 
given a function F in Af~^{C"^ —>■ C"), det_F(2:) ^ 0, there exist functions Fi inner 
and Fo outer (resp. Fl,F^) , unique up to a unitary matrix, such that F — FiFg 
(resp. F = F^F,-). Furthermore, Theorem 3.1 of |KK97] wiU be useful later: Let 
E £ A/'+(C™ — > C™) an outer square-matrix- valued function. Then det(z) for 
all z e B and E-^ e A/'+(C" ^ C™). 

2.2. Nearly S'*-invariant subspaces of i7^(C™). The next result is the descrip- 
tion of the nearly S'*-invariant subspaces of i7^(C'"). For more details, see |CCP| . 

Theorem 2.1. Let J- C i?^(C™) be a non-trivial nearly S* -invariant subspace. 
Let {gi, . . . ,gr) be a orthonormal basis of 

Then r := dim W < m and there exist an integer r' , I < r' < r, and U G H°°{C^ — 
C) inner, rank U — r' , such that 

T = [51, . . . (i/2(C'') e UIL^{€7)) = GKu- 

For all / G J-", there exists an unique fo G Ku such that f — G/q. Furthermore, 

ll/o|lff2(Cr) = ||/||h2(c™). 

Because the columns of G form an orthonormal basis of W, the norm of G G 
ff2(C'^ -j> C") is 1. For any h e H'^iC), we define Teh to be the Fourier projection 
of the L^{C"^) function Gh on _ff^(C™). It is an unbounded operator, but, as in 
the scalar case, it is an isometry on Ku. 

2.3. De Branges— Rovnyak spaces. Now, we will recall the definition and the 
main properties of de Branges-^Rovnyak spaces. For more details, see the first 
chapter of |Sar94b| . Let Hi and H be two Hilbert spaces and B G C{Hi,H) be 
a bounded operator. We define A^(B) to be the range space B_ffi with the inner 
product that makes B be a coisometry on H: 

V/,.g G Hi n (kcrB)^, {Bf,Bg)MiB) (/,5)hi- 

For a contraction B, the inclusion is a contraction from A^(B) to H. The comple- 
mentary space H(B) is defined to be Ai {fyLdn — BB*)-'^/^). In the particular case 
where B is the multiplication by an inner function B, then A^(B) = BH'^{C™') 
and 'H(B) = Kb- In this case, the inner products of A^(B) and H(B) coincide 
with the inner product and these two spaces are really complementary spaces 
in the sense. In this article, H and Hi will be Hardy spaces like H'^{C™') or 
closed subspaces of i/^(C™) isometrically equivalent to H'^{C^), and B will be the 
multiplication by a matrix B in the unit ball of i/°°(C — > C™). 

The reproducing kernels in H^{C"') are kxu := jzj^'^ for A G B and u G C™. 
Thus, for all / G i/^(C™), the reproducing kernels verify 

{f,k\u)2 = (/(A),u)c'". 
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Because the inclusion from H(-B) to is contractive, de Branges-Rovnyak spaces 
have kernel functions, and a simple calculation shows that 

kfu-.^^-^^—^^^^^u and (/,fc^)«(s) = (/(A),«)c"- 
1 — Az 

Given a symbol B, we write M{B) (resp. 'H{B)) instead of A^(rB) (resp. 'H{Tb)). 

3. TOEPLITZ OPERATORS ACTING AS AN ISOMETRY ON A MODEL SPACE 

In this section, we verify that the tools used by Sarason |Sar88| can be applied 
to matrix- valued functions. 

3.1. A matricial intertwining. Let {gt)t<r be an orthogonal basis of W and let 
G e _ff^(C — > C™) be the matrix- valued function [gi, . . . , g^]- 

We denote by H"^ {C"'' , hg) the Hardy space of vector- valued functions with the 
norm 

||9|ll,.(C.s,,) ---^ r \\G{e^%\\l..de. 



Remember that G = span(S''=g£ : £ < r, fc > 0). Let / = be in H'^{C"^). This 
forces q to be in i/^(C™, /ic)- The measure fic will play a role in section [5l 

We would like to build from G the functions F and B, the analogues of those ap- 
pearing in Theorem ll.3l After, we will show that Tici^^bTg* is an coisometry from 
Q to H{B), or equivalently, q i— >■ {Tid,.-BTG*G)q is an coisometry from _ff^(C'", /ic) 
to 7i{B). As a consequence, we will obtain the following equality, the key of the 
proof of the generalization of Theorem 11.31 : 

Idr — TbTb* — {Tid^^BTG*) {Tid-r-BTG'T ■ 

We begin by defining F the analytic function on the disc by 

Vz e D, F(z) := 1- r 2^G{e^'rG{e^')de. 

Note that, if G = UG', where U is inner of rank m, then the functions F and F' 
are the same. Because the {gk)k<r form an orthogonal basis of W, the coefficient 
F{0)ij is {gi,gj)ff2. So, F{0) = Idr- For zq S D, let u S be an eigenvector of 
the matrix F{zo). Then Re ((F(zo)m, u)) is a Poisson integral, so the real parts of 
the eigenvalues of F{zo) are ||G(zo)u|p > 0. This implies that the moduli of the 
eigenvalues of F{zq) + Idr are greater than 1, so F{zq) + Idr is invertible. 
Next, we define B, the matrix- valued Herglotz integral of /ic, by 

B{z) := {F{z) + Idry\F{z) - Idr). 

Because i^(0) = Idr, the function B vanishes in zero. For all u E C, 

\\{F{z)±Idr)uf = \\F{z)uf + \\u\\^ ±2Re{F{z)u,u). 

Then, because Re {F{z)u, u) > 0, 

\\{F{z) + Idr)uf > \\{F{z) - Idr)u\\^ 

and B lies in the unit ball of II°°{€J' — C). We can therefore consider 7i{B). 
Lemma 3.1. For all u,v E C™ we have: 

{Gk^u, Gk,v)H2 - {k^ildr - B{wr)-\ kfildr - B{zY)-H)u(By 



6 



CHEVROT 



Proof. For all u,v G C™, we express the inner product {GkwU,Gkzv) in terms 
of F: 



1 /-^^ 



1 



1 



1 



w e 
— + - 



27r(l -wz) J 2 

^ -((^^H*+F(z)Kt;)c" 



(G(e'^)w,G(e^^)z;)c™ 



2{l -wz) 

Because (M,. + -8(2)) and {Id,. — B{z))^^ commute, 

F{w)* + F{z) ={Idr - B{z))-^{Idr + B{z)) + (M. + B{w)*){Idr - B{w)*)-^ 

=2{Idr - B{z))-^ [Idr - {Idr ~ B{w)*y^ . 

Finally, we interpret {Gk^^u, Gkzv) in term of inner product of k^{z): 
1 



{GkyjU,Gkzv)H^ = 



2{l -wz) 
1 

1 — wz 



{{F{wr + Fiz))u,v)c^ 

{{Idr - B{z))-^ [Idr - B{z)B{w)*] {Idr - B{wy)~^U,v)c- 



{{Idr - B{z))-^k^{z){Idr - B{W)*)-^U, v)c^ 

{k^{z){idr - B{wyy'u, {Idr - B{zyy\)c^ 

{k^{Idr - B{wy)-^U,k'^{Idr ~ B{zy)-'v}n^B)- 



□ 



The following lemma is useful in connection with de Branges-Rovnyak spaces 
r |Sar94b| 1-5): 

Lemma 3.2 (Douglas's criterion). Let H, Hi and II2 be Hilbert spaces, and let 
A : Hi ^ H , B : H2 ^ H be contractions. We define M{A) := AHi and 
M{B) BH2. Then M{A) ^ M{B) is equivalent to AA* = BB*. 

Remember that Q = span(S'''g£ : ^ < r, fc e N) = span(G'fctuM : u £ C*", w G D) 
and that 8 is an inner function such that Q = G7J^(C'"). (When G is outer, 8 is 
a constant unitary-matrix) 

Lemma 3.3. 

(1) For all u G C™, Tm^^^bTg* maps GK,u to k^{Idr - B{wy)-^u. 

(2) If G is outer, then Tjj^_^_bTq* is an isometry from Q onto 'H{B). 

(3) If G — GiGo, with Gi inner and Go outer, then Ti^^^bTg- is a coisometry 
of Q to 'H(i?) with null space Kq. D Q. 

(4) Define M{Tid,.-BTG-') Tid^^BTcQ ■ Equipped with the inner product 

{Tid^^BTG'hi,Tid^^BTG'h2) := (/ii,^2)2 V/ii,/i2 e t/U {VciTm^-bTg*)^ , 
Ai{Tid^-BTG-') coincides with the de Branges-Rovnyak space 'H{B). 
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Proof. (1) We begin by computing the range of Gk^u by Tm^-bTg*'- 
{{Tid^-BTG')GkyjU,kzv)H^ = {{Idr - B{z))TG'G{z)kw{z)u,v)c^ 

= {TG*Gkt^,u, kz{Idr — B*)v)h2 
= {Gk^u, Gk^ildr - B{z)*)v)h^ 

= {k^{Idr-B{wr)-'u,k^v)niB) 

= {k^iIdr-B{wy)-^U,Kv)H2. 

Therefore, {Tm^-bTg') sends Gk^u to k^{Idr - B{w)*)'^u. 

(2) The inner product of two functions in Q is equal to the inner product of 
their images in 7i{B): 

{TM^-BTG*Gk^u,Tid^_BTG.Gk,v)H2 ={k^{Id, ~ B{wY)-^u,k^{Idr - B[zyy^v)n(B) 

= {Gk^u,Gkzv)H^. 

Because G is outer, the functions Gk^u span t/, reduced to and the 

result follows. 

(3) The definition of i? does not depend on , soTj^^^bTg' — Tj^^^bTg^Tg' ■ 
But Tjci^^bTg' sends Tg*G isometrically to H{B), which is dense in Go, so 
we get the result by continuation. Moreover, kerT/d^-sTG* |g = kerTc* H 

g = KG,ng. 

(4) The last sentence allows us to identify the two de Branges-Rovnyak spaces: 
M {Tm^.bTg') ■■= Tm^-bTg-G = n{B) = M ((/d, - TbTb^)'^^) . 

□ 

Theorem 3.4. As operators on H^{C''), we have {Tid^_BTG*)iTid^_BTG')* = 

Idr — TbTb* ■ 

Proof. The Douglas criterion. Lemma implies that Ai {Tjii^-bTg*) = '^{B) is 
equivalent to {TM^^BTG*){Tid^-BTG')* = Idr - TbTb- as operators on H'^iC). 

□ 

3.2. A matricial version of Sarason's theorem. With the previous notation. 

Theorem 3.5. Let G = [gi, . . . , g^] G H^iC'' C") and let U G H°°{C'^ C) 
be inner of rank r vanishing at zero. Then 

Tg\ku is an isometry <^ Tb-Ku = {0} <^ BH'^{C) C UH^iC). 

The proof follows Sarason's ideas, with modifications to bypass the fact that 
Tb'Kjj might not be a subspace of Kjj. 

Proof. The last equivalence is obvious. 

Suppose that Tb^Ku = {0}. Then Tq/i = TGTjd^^B'h for all h e Ku- Thanks 
to Lemma 13.31 {Tjd,.-BTG*)iTidr-BTG')* — Idr — TbTb*, and we compute the 
norm of \\TGh\\'j^2- 

WTgHWI, = \\TGTM^^B'hfH2 = {{TM,.-BTG*)iTM^-BTG'yh,h) 
= {{Idr-TBTB*)h,h) 
= {h,h)H2 - \\h\\]j,. 

Thus, Tg acts as an isometry on Kjj. 
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Conversely, suppose that Tg\ku is an isometry. Let h G Ku . Lemma 13.31 and 
Theorem 13.41 assert that Tid^-BTc ■ G — > 'H{B) is a coisometry, and 
{Tm^^bTg'KTm^-bTg')* = Idr - TbTb' on i/2(c-). It follows that 
||7G7/rf^,_B./i||^2 = {{Idr — TBTB*)h, h)fj2, whose development is: 

WTohf - {TaTB'h^TGh) - (TaKTcTB^h) + WTcTB^hf = \\hW' - \\TB^hf. 

Using the hypothesis HIg/iH = \\h\\, we get 

(3.1) {ToTB-h^Tah) + {TaKTaTB-h) = \\TB'hf + WTcTB-hf. 

Now, with Sarason's trick, we will show that TcTB-h — 0, for h e Kjj. Remem- 
ber that [/(O) = 0, so C C Ku and because 5(0) = 0, we get Tb-v = Q for aU 
V e C™. With c e C and w e C™, + cw stays in Ku and Tb.(/i + cw) = TB-h. 
Replacing ft, by /i + cw in the egualitv 13.11 we have: 

{TGTB'h,TG{h + cv)) + {TG{h + cv),TGTB'h) = \\TbM? + WTaTB-hf . 

This is equivalent to 

2Re {c{TGTB^h,TGv)) = + HTcTB^ftlp - 2Re (rGTB.ft,rGft). 

This holds for all c G C, so necessarily 
(3.2) 

Re (Tg.TgTb. /i(0), w) =0 and \\TB'hf + WTcTB-hf - 2Ke{TG'GB'h,h) = 0. 

The first equality holds for all v € C™, so Tg'TgTb* h{0) = 0. Replacing /i by S'*'=/i, 
which stays in Ku, we deduce that Tq'TgTb- S*^h{Q) = and so Tg-TcTb-H = 0. 
This implies that Ts./i e kcr Tg or TGTB-h e ker Tg-. We denote / = TGTB-h. 
Then, / e kerTG* n G and there exists g e ij2(C'",^G) such that / = Gg. The 
norm of / is H/f = (G*Gg,q) = (Tg*/,?) = 0. Finally, Tb^Ku C ker Tg. 
The second equality of p.2p implies the following equivalences: 

+ llrGTs-ftll^ - 2 Re {TG'TGTB'h, h) = 

^WTbM? - WTchf + \\TGhf + WTGTB'hf - 2Re {TG-TGTB'h, h) - 

^||rB.ft||2 - IITg/iII' + \\TGTM,.-B*hf = 
^||rGrM,-B*/l|P = \\TGhf - \\TB*h\\\ 

But we know that Tb-Ku C ker Tg, so \\TGTM,.^B'hf = IITg/i^ and \\TB'hf = 
0. So we get Tb*Ku = {0} as desired. 

□ 

Corollary 3.6. The operator Tjci^^bTg* acts on T as division by G. 
Proof. Let Gh G J-. Then, thanks to the last theorem, Tg./i = 0. So, 

Tid^BTG'Gh = Tid-bTG'TGTid-B-h 
and Lemma [3.41 implies that [Id — TBTB* )h ~ h. □ 

In the original proof, Sarason uses the fact that scalar model spaces K^ (or 
more generally de Branges spaces |Sar94b| II-7) are stable under the action of 
for every symbol b G H°° . This does not hold for matrix symbols. The inclusion 
Tb-Ku C Ku means that BUH^iC) C UH^{V), and so U*BU e H°°(C'' ^ C). 
This is obvious if B and U commute. 
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U*BU = 



In this section, we will construct an example in i7°°(C^ — > C^) where Tb'Kjj is 
not contained in Kij . The following characterization of (2 x 2)-inatrix- valued inner 
functions is due to Garcia, in |Gar06| . 

Theorem 3.7. Let U G iJ°°(C2 C^). Then U is inner if and only if U is of the 
form: 

\eb Oa ) 

where 9 :— det U is inner, and a,b Q Kz9 verify |ap + |6p = 1 a.e. on T. 

Garcia gives an interesting example of an inner function by taking a :— (l-|-0)/2, 
6:= -i{l-0)/2 and 

If (1 + 0) i{l-i ' 
2\-i{l-e) + i 
Taking 9 — z, for example, we notice that the entries are outer scalar functions. 
We can look for U — zV which is still inner and vanishing at zero. 

Let B = {^^ e i7°°(C2 ^ €?). A calculation shows that U* BU is equal 

to: 

/ 6i+fe4+ Re(e)(6i -&4) + iIm6i(b3 + &2) 62-63+ Re (6i)(63 + 62) + zlm6i(fei + 64) 
\bi - 62 + Re (e)(63 - 62) + i Im 6l(-6i + 64) -bi + 64 + Re {e){bi + 64) + i Im e{-b3 - 62) 

If we suppose that 64 = —61 and 63 = —52; then 

Re(6l)6i 62+ Im (0)61 
262 + Im {9)bi - Re {9)bi 

which is not in 77°°(C2 ^ C^) and so Ts-i^c/ ^ isTt/. 

Remark 3.8. In [Sar88| . Sarason establishes an alternative proof of Theorem 12.11 
using Corollarv l3.4l This approach could be generalized to the vector- valued case. 

4. Kernel of Toeplitz operators 

4.1. Some examples. For a nearly S'*-invariant subspace F = GKu, we recall 
that W ^ TniTn zi/2(C'"))^, and r dim W < m. If m = 2, then we have 
two ways to build J- with dim J- — 2. 

Example 1. If r = 2, G = [51,52] and U = zld2- Let T be the space 

Because /(O) = implies / = 0, it is S'*-nearly invariant. We see that W = J- and 
T = TgC^ with 

^^''-2[ (l-z)i/2 

The functions ^(1 -|- z)^/^ and ^(1 — z)^/^ are outer in i?^ and G is outer, because 
its determinant is outer (see section [^TT|) . Moreover, Q = H'^{€?). 

Is F the kernel of a Toeplitz operator T^l We wiU build ip e i°°(C2 ^ C^) as 
the following. Remark that G(e'*)*G^^(e'*) is diagonal. The diagonal terms are 
e"^^* and -e^**. So, G*G-i lies in L°°(C2 ^ C^) and then 

(4.1) T^.G{z)-G{z)-^ =P+ ( -z^^O ^ ^ 
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Every / in J" is of the form / = Ge, with e G C^, and T^q.q-iJ — p+{zG*e) = 0. 
So T is the kernel of T^g-'G-^ ■ 

Example 2. We modify the previous example to get a nearly S'*-invariant subspace 
which is not the kernel of a Toeplitz operator. Let and G be defined by 

We will show that if it is the kernel of a Toeplitz operator, it is also the kernel of 
the Toeplitz operator with symbol <p(e**) := G*(e**);7*(e**)G"He'*)- This symbol 
is a diagonal matrix. The diagonal terms are e~^'* and —1 a.e. e'* e T. But 

kerr^ = |(^ " + ^^ ^ : (a, 6) e C^j ^ J", 

and so T fails to be the kernel of a Toeplitz operator. 

Example 3. Let r = 1, G = [gi] and dim Kjj — 2. Let T be defined by 

This space is the nearly S'*-invariant T — GKjj with G{z) = ( g ) and U [z) = 



With the notation defined in section [2Tl we have 



1 0\ „2.^2x ^ A 



g := span(5'^-G) = (^^ H\C^), Go = (^^j , and G = 

Because Q — H'^{G), the function G is outer. As we saw before, G is the (1 x 1)- 
square matrix such that G = QqG. Here, G = 1. Furthermore, — kerT^ where 

^G*U*G-^ 0\ _ (z^ 0^ 

ij^lo 1, 



This example illustrates the problem of dimensions : the interesting part lies in G 
which is a subspace of C™. 

4.2. The case r = m. This section treats the particular case where r — m seen in 
the Example [1] 

First of all, a nearly S'*-invariant subspace F which is the kernel of a Toeplitz 
operator has the form J- = TgKjj with G outer. Remember that the columns 

of G e H^{C"' C") form an orthogonal basis of JTl {j" Ci zH^{C"')}^ . 

Because det G ^ 0, the inner-outer factorization for matrix-valued functions allows 
us to factorize with an inner function on the right. Let Go be outer, and Gi 
be inner, such that G — GoGi. Because U{0) — 0, it follows Kjj contains C™ 
and GC™ C kerT^^. For all e £ C", we have Ge G kerT^. So, there exists 
H G iJ2(C" ^ C") such that ipG = zH*. But G = GoGi, then ipGoGi = zH* 
and ipGo — zH*G*. Finally, T^{Goe) = 0, which implies that the columns of Go 
form an orthonormal basis of W . A nearly S'*-invariant subspace J- which is the 
kernel of a Toeplitz operator is of the form GKjj, with G outer. 

Following Sarason, the first step is to understand what happens if dimker = 
m = r. A new notion, namely the rigid functions, appears to characterize when 

is the kernel of a Toeplitz operator. A scalar function / G is said to be 
rigid if the only functions in i?^ which have the same argument are of the form 
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cf with c a non-negative constant. When det(F) ^ 0, we write {Rf,Af) for the 
polar decomposition of the matrix F = RpAp. The matrix Rp is positive and Ap 
is unitary. The matrix A^? is called the argument of F . 

Definition 4.1. Let F G H^{C™ — >■ C™) be a square matrix-valued function. Then 
F is rigid if the only functions which have the same argument Ap are of the form 
RF, where i? is a constant hermitian positive matrix. 

In fact, we can show that rigid functions are exactly the exposed points of the 
unit ball of 7?^(C™ — >■ C"). We recall the definition. Let X be a Banach space 
and A a closed subset oi X. A point a: G A is an exposed point of A if there exists 
L e X* such that L{x) = 1 and Re {L{y)) < 1 for all y G A \ {x}. The functional 
L associated to x is unique. In our case, L is: 

L : H'^iC"' C™) — > C 

H ^ t,(^l.J^-Hie^^)Apie^^)dty 

where tr denote the trace. It is easy to verify that L{F) = 1 and that F is rigid if 
and only if L is unique. 

Moreover, exposed points are extreme points (in the sense of convexity). The 
extreme points of the unit ball of if^(C''" — > C™) are the outer functions with norm 
1. For more results see |Cam77| and |B W03| . Before stating the next lemma, we 
define precisely the norm ||| • ||| which we shall use. Let {ek)k be the canonical basis 
ofC™. Then ||| • ||| is the matricial norm defined by I A := ^"^^^{Ack, Aek)c'^ ■ 

Lemma 4.2. Let G e H'^{C"'' C") and T = TgC" be a nearly S* -invariant 
subspace of H^{C™' C™). If F is the kernel of a Toeplitz operator, then is 
rigid and T = ker TgQ,Q-i . 

Proof. Let ip be the symbol of the Toeplitz operator for which F is the kernel. 
Because G G kerT^, there exists H G H^iC^ C™) such that ipG = zH*. We 
begin by showing that H is outer. Let H = VHo the inner-outer decomposition of 
H. Then ipG = zH;V*, so ipGV = zH*. Finally, GV G kerT^, but kerT^J = GC™, 
so V is constant. 

We would like to write T^p as the product of two Toeplitz operators, such that 
the first one is injective and the symbol of the second one depends only on G. 
Because G G i7^(T, C" — C™) is outer, det G{z) is a outer scalar function in 
and for all z G D, the inverse G(z)"^ has a sense. The function G~^ lives 
in ■ Now, we consider the polar decomposition of G{z) ~ Aq{z)Rq{z) with 
Rg{z) — (G(z)*G(z))^/^ positive-definite hermitian and Adz) unitary. We have 

G{zy^ = A*{z)Riz)-^ and G(z)* = A*{z)Riz). 

Because G is outer, G = i?2(C'"). We can say that Gi?°°(C") is dense in g. Let 
f ^Gf e Gi7°°(C"). We define ^ e L°°(T, C" ^ C") by 

= zH*{G-^)*G*G-\ 

and then T^f is exactly T(G-i_f/)'^G*2G-i/- We extend by continuity from 
Gi7°°(C") to i/2(C"). 

Because G and H are outer, G"^ and G^^H are outer in A/'+(C" C"). But 
LpG = zH*, so we have (p{z) — zH* {z)G{z)^^ . So, for almost every e** G T, the 
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norm ||| G(e**) -^i/"(e**) ||| is given by: 

l\G{e'')-^H{e'')\l = f H{e'')H{e''y~^ H* {e'')G{e'')-^ ||| 
= |||AH(e'*f e'V(e'*)lll 
= llk(e") III. 

This proves that G^^H E H°°{C™ — > C™) is outer with the same norm as (p. So, 
the kernel of the Toephtz operator with symbol G^^H is trivial. By construction, 

kerTjG.G-i = 

We shall prove that G^ is rigid. 

Let J be a function with the same argument as G^. We can suppose that it is 
outer, because if not then we can build an outer function with the same argument. 
Indeed, if J = Jg, then -{Id + J,f{Id - J.*f ^ 21 d - Jf - Jf is positive and 
J* {Id + J if' J or — J* {Id — J if J is outer with the same argument as G^ . 

Let Ji = J^/^ — Af{z)Rj{zY/'^ . The hypothesis on J implies that Rj ^ _Rg'2, 
so it is the same with Fi and G. Because J^J^^ = = G*G-^ for a.e. e** G T, 
then for all u G C™, T^g-g-^Fiu = 0. But VevT^a-G-^ = GC™, so J^u e GC". 
The contradiction follows. By hypothesis, F\ is not a multiple of G by a constant 
matrix. 

□ 

The following consequence is an interesting characterization of the rigid func- 
tions. It is the matricial analogue of a result of Sarason ( [Sar94b| chapter X page 
70) used to show that 1 + 2; is rigid. 

Proposition 4.3. If F E i/^(C™ — > C™) is outer, then F^ is rigid if and only if 
the Toeplitz operator Tp* p-i has a trivial kernel. 

Proof. Because ker S* — C™ and Tgp-,p-i = S*Tp>.p-i, then ker Tp*p-i is trivial 
is equivalent to dim ker Tgp*p-i — m. But, thanks to the previous lemma, this is 
true only if F^ is rigid. 

□ 

Here is the matricial analogue of Lemma 1 of |Sar94a| page 161 for an outer 
square matrix G. 

Lemma 4.4. Let G E H^{C"' C™) be outer and let U E H°"{C"^ C™) be 
inner vanishing at zero. Let T — TqKu be the kernel of a Toeplitz operator. Then 
it is the kernel of Tq,ij*q-i . 

Proof. This proof follows Sarason's. The fact that F is the kernel of a Toeplitz 
allows us to show that G*U*G-'^ defines a symbol in L°°(T,C" -> C™). We 
begin the proof by building an outer function with the same norm as then we 
can suppose that takes values in the set of norm-1 matrices. Let {ek)i<k<m the 
canonical basis of C™. 

Because p+{(pgk) = 0, there exists hk E -ff^(C'") such that (pGck = zhk for k E 
{l,...,m}. The norm ||| (p(e'*)G(e^*) ||| ^ is equal to ^Li (/^fc. /^fe): so log ||| </7(e'*)G(e»*) ||| = 

2 log(Er=i('ife''ife)) • 

But the function e** 1— X^fcLi (''■feCe'*), /ifc(e'*)) is in H^, so it is log-integrable, 
just as e'* Ill (/3(e'*)G(e'*) ||| . We deduce from 

|lk(e'')G(e^*) III < III ^(e^*) III III G(e^*) ||| 
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that e** H> III </3(e**) ||| is log-integrable. Via the Poissoii kernel (cf |KK97| ). we build 

tp E i/°°(C'" — > C™) outer with the same norm: 

V^(z) :=exp (1- I log (<^*(e^V*(e^*))'^' dt 

\z'K jf e — z 

Because ip is outer, so is its determinant and the matrix ip{z) is invertible for 2: e D 
and the inverse is in Af~^. Then the radial limits exist almost everywhere and 
'ip-^*ip G i°°(T,C™ C™). The values ?/>-i*(e**)(/p(e^*) are matrices with norm 1 
for a.e. e** e T. 

So, there exists x ^ L°°{T,C'" C™) which takes values in the set of norm-1 
matrices such that ip — ip*x- But, kerT^. is trivial, so kerT^ = ker and even if 
we replace ip by x, we can suppose that tp take values that are matrix of norm 1. 

Because p+i^pG) = 0, there exists H e H'^{C"' C") such that (pG = H* and 
H{0) = 0. 

We note H = HiHo, and we will show that Hi — VU with V a unitary constant 
matrix. 

Now, we prove that U divides Hi. For all h e Kij, Gh G ker implies that cpGh, 
which is equal to H;H*h, lies in JH^C^. Because H^ is outer, H*h e z i?2(c™) 
and then h is orthogonal to HiH"^ {C"'') . So, we have K(j C K^.. 

The converse inclusion holds: Let h G be bounded. Then, there exists H — 
HiHo e H2(C" ^ C") such that T^Gh = p+{H*H*h). Then for all k e i/°°(C™), 
we have 

{T^Gh,k) = {HlH*h,k) = {h,H,Hok) = 0. 

Because the bounded functions are dense in , we obtain that C Ku and 
so Hi = VU with V unitary constant. 

As in the proof of Lemma H^l we write ip = H*U*G^^. Then 

P+ivf) ^ P+{H:{G-'rG*U*G-'f), 

and = T^q-i h„)'Tq,ij. q-i . 

To conclude, we need to show that G'^H^ lies in H°°(C^ C™). The two 
functions Ho and G are outer, so H~^G is in the Nevanlinna-Smirnov class. To 
end the proof, we observe that ||| G^^Ho ||| = ||| ip ||| , which was done at the end of 
the proof of Lemma 14.21 So kerT^g-i^^j* is trivial, and kerT,^ = kerT(3*[/.g-i . 

□ 

4.3. The case r < m. Let G G H'^{U' C") be an outer function. With the 
notation of section [2Tl we consider the space Q — H^{G), the unitary mapping 
00 : C ^ G and G GoG with G G H'^iC C^) outer. 

Let 01 : C"*-'" be an unitary mapping. Then we decompose H'^{C"^) as 

follows: 

We denote the (m x rn)-unitary matrix with diagonal ©o, 0i. 

Lemma 4.5. Let J- ~ TgC the kernel of a Toeplitz operator. We suppose that 
dim = r. Then G^ G H^{C^ — )• C) is a rigid function and J- is the kernel of the 
Toeplitz operator with symbol 
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Proof. Let in L°°(T, C" ^ C") be defined as in (|42|). 

If / e g^, tlien e*/ e H^iiOc^j^H^iC"-^)) and T^f ^ f , so ker T^|g^ = {0}. 
If / e then e*/ e i?2(C'- ® {Oc™-.}). 

We denote by pr the orthogonal projection from C" to C ffi {Oc™-i-}- Let 
^^9*09^.^, then is a Toeplitz operator on H'^iC). Write J' = GC". We 
verify that T — pr{Q*GC^) — Pr&J-^ is nearly S'*-invariant of dimension r and that 
kerT^ = J^. Then, we apply Lemma 221 to T in iJ^(C''), which implies that is 
rigid and T ~ kerT-Q,Q_i. 

To conclude, 

satisfies ker = F and & is rigid. 

□ 

Lemma 4.6. Let T — TqKu he the kernel of a Toeplitz operator. Then G 
H^{C^ — !■ C) is a rigid function and J- is the kernel of the Toeplitz operator with 
symbol 

' Idra- ' 



The proof uses the Lemmas 14.41 and 14.51 The naive idea is to apply Lemma 14.41 
to considered as a subspace oi Q — iJ^(G). Then we have dim W = r = dim G. 
Unfortunately, the range of T^jg is a priori not in Q. We need to find a new symbol 
(j)' such that T^,\g G and T^'\g± with J" = kerT^-lg. 

Proof. We begin by building a nearly S'*-invariant subspace F' which will be the 
kernel of a certain Toeplitz operator with symbol 0', such that W is of dimension 
m. It will be more convenient to write !F = Tq^^Ku^ = kerT^^. 

By hypothesis. Go £ i/^(C'') is outer and its columns form an orthonormal basis 
of W . Let {er+k)k=i...m-r bc an orthonormal basis of G^. Because = H'^{G), 
Gi :— "^[(1 + zy^'^^e]r+i<e<m is an outer matrix and Gi = 9*Gi is square. This 
choice of -^(1 + 2;), which is a rigid scalar function, implies that G^ is rigid in 
}ji(£^"i-r _^ C™-'"). Because G, the diagonal matrix with blocks Go,Gi is outer, 
G := [Go, Gi] e H^iC"" C") is outer. 

Let Ui := zldm-r- It is inner and Ui{0) = and [/', the matrix with diagonal 
blocks Uq and Ui, is of rank m. Finally, we can consider = Tg/Kw — TogKij,,®^ 
Tg.Ku^. But TgoKuo C G and Tq^Ku^ C so I^' = W^o © W'l- We remark that 
Wi = GiC™-"^ and dim W = m. 

It remains to show that is the kernel of a Toeplitz operator with symbol ip. 
First of all, because G^ is rigid. Lemma [4.51 applied to Tg^Ku^ asserts that this 

Ldm~r 

zGlG- 

By hypothesis, J- is the kernel of T^^. Let tp' := tpoPg + (t>iPQ±, where pg is the 

matrix 9 ^'^p'' ^ 9* of projection from i?2(C'") to ^ = H'^{G). It is clear that 

ifi' G L°°(T, C" ^ C") and that T' = ker T^,. 

Now, we can apply Lemma [4.41 to T', the kernel of T^r. So, G'^ must be rigid. 
But it is a block diagonal matrix, so Gq must be rigid. Moreover, J^' is the kernel 



space is the kernel of the Toeplitz with symbol 0i 9 ( ™ ) 9*. 
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of with 0' := G*U*G-'^ = QG'*U'*G'-^Q* . Finally, the symbol ^' is given by 

rh' — P\ (^*oUqGq ^ \ 

^ - -zGlG^^ ) ^ ■ 

The diagonal structure of Q*(j)'Q implies that the range of T^'lgp is contained in 

To conclude, we will show that T = ker where the symbol (f>Q is: 

Applying Lemma 14.41 in Qq = i7'^(Go) with dim Go = r = dimVF, we have T is 
the kernel of Tpg^^/pg^, so it is the kernel of the Toeplitz operator with symbol 
GqUoGq^. It remains to complete the symbol on Q^. Then is the kernel of the 
Toeplitz operator with symbol 

(4.3) e f ^o^^^o ' f 

1 Ctrl 



□ 



Let be a nearly S'*-invariant subspace of the form TqKjj where G is outer. 
We can summarize the section by saying that is the kernel of a Toeplitz operator 
if and only if G^ is rigid. Furthermore, the formula 14. 31 express explicitely a symbol 
depending only on G and U . 



5. A MATRICIAL VERSION OF HAYASHI'S THEOREM 

The purpose of this section is to obtain a matricial version of Hayashi's theorem 
( |Hay8 61). This section treats mainly the case r — m. We need some results about 
de Branges-Rovnyak spaces to state the theorem. 

The first chapter of Sarason's book |Sar94b| is general enough for the matricial 
case. Sarason specializes to the scalar case in the next chapters. The ideas come 
from the third and fourth chapters. In this section, we adapt some of them to the 
matricial case. The main problem is the lack of commutativity. 

In section 131 we built from G an outer function B such that 'H(-B) is unitarily 
equivalent to (C"" , ^a) ■ We saw that B is in the unit ball of i7°°(C™ ^ C") 
and a little investigation shows that log(/ - B*B) e ^^(T, C™ C™). (Let A be 
the outer function 2G{F + Id)-'^, then for all z e D, A* {z)A{z) + B* {z)B{z) = Id, 
and the conclusion follows.) 

In this section, we need to reverse the construction, beginning with a B in the 
unit ball of i/°°(C™ C") verifying log(/ - B{e'*)* B{e'*)) G Li(T,C™ ^ C™). 
(Such functions are non-extreme points of the unit ball of H°°(C™ — >■ C™), see 
Treil's theorem in |Nik02| page 85). 

We define A € 7V+(C" ^ C") to be the Poisson integral 

A{z) exp (^^ J^^ log(/ - i?(e")*i?(e")) d?j . 

By definition, A is outer and A{e'*)*A{e'*) + B{e'*)*B{e'*) = Id a.e. on T. Because 
B is bounded, so is A. 
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The same calculation as the proof of Lemma [3TT] gives: 

Re {{Id + B){Id - B)-^) = i [{Id + B*){Id ~ B*)-^ + {Id + B){Id - By^\ 

= {Id - B*)-^ [Id - B*B] {Id - B)-^ 
= {Id - B*)-'A*A{Id - = Rfi,^B)--A- 

So, for u E C", we have 

(Re {{Id + B){Id - By^) u,u)c^ = [\A{Id - B)-^u[\l,^ 

which is positive, so we can define the Herglotz integral corresponding to B analo- 
gous to F defined section [31 

Let II E M (T) be the positive-definite- valued measure defined by 

VzeD, F{z):={Id + B{z)){Id-B{z))-^ =:iV+ f ^-^r^dfi{e''^). 

J J e^" - z 

Then, the Radon-Nikodym derivative of the absolutely continuous component of /i 

We define G := {Id — B)~^A. This function is outer, because its determinant 
is outer. It is the quotient of two outer functions in H°° ^ so G E (compute 
the inverse of {Id — B) with the formula of the comatrix, whose coefficients are 
polynomials in the coefficients oi Id — B, so are outer functions). The fact that 
Rlid-B)-^A € L^{"^. C™ ^ C™) implies that G E H^{C'^' C"). If is absolutely 
continuous, then 

F{z) := {Id + B{z)){Id-B{z))-^=^V+ / -^G* {e^O)G{e^<')- . 
Finally, the hypothesis B{0) — implies V = 0. Let {ek)i<k<m be the canonical 

~ ~ df) 

basis of C™. The coefficients of F{0) ^ Id = JjG*{e''^)G{e'^)— are the inner 

products {Gcn, Gcm) H^(^C'n-f, so G is a matrix which columns form an orthogonal 
basis and G is of unit norm in iJ^(C™). 

In this context, we say that {B, A) is a corona pair, or a pair. When fj. is 
absolutely continuous, {B,A) is said to be a special pair. Then, the measure fiQ 
defined in section [3] is equal to /i and Gf E H'^{<C™) is equivalent to / G i7^(C™, /i). 

Recall that G :— {Id — B)^^A is outer, so thanks to Lemma [3T3l 2. the operator 
Tid-BTc ■ -ff^(C™) T~L{B) is an isometry. To be a special pair means that for all 
/ E i7^(C™,/i), Tid-sTcG f = /, the operator Tid-BTc represents the division 
by G. So, we can reformulate Theorem 13.41 

Corollary 5.1. Let{B,A) be a pair. ThenTjd-sTG* is an isomerty from H'^ {C"'') 
to 'H{B). The pair is special if and only if Tid-BTc is surjective. 

The next Proposition is the analogue of the Proposition 6 in |Sar94a| . 

Proposition 5.2. 

(1) Let {B,A) be a pair. Then, AH^{C"') C n{B). 

(2) // the pair {B, A) is special and G = {Id-B)-^A, then AH'^{C"') is dense 
in 'H{B) if and only if G^ is rigid. 

(3) IfAH'^{C^"') is dense in'H{B) (relatively to \\-\\-h(b))^ then {B,A) is special. 

Consequently, if AH^{C"^) is dense in ^{B), then G^ is rigid. 
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Proof. (1) Using the property of Toeplitz operators, we obtain easily: 

V/ e i/'(C",A*), Tja-BTG'Ta.-iaf = TjdsGf = {Id - B)G,f = Af. 

So, Tm-bTg- sends the range of Tg-ig in AH^{U^). But, if {B,A) 
is special pair, then the range of Tid-sTG* is 'H{B). So. Ai/^(C™) is 
contained in all H{B). 

(2) If {B, A) is special, then Tid-BTc is a surjective isoinetry from i/^(C™) to 
niB). Because A is outer, AH^^C"") is dense in H^{C"'), but AH'^{€r) is 
in niB) so y4ff2(C") is dense in l-i{B). Because Tid^BTG-Ta-iG = Ta, 
and Tm-bTg* is an isometry, ^^^^(0™) is dense is equivalent to the range 
of Tg*-ig is dense in iJ^(C'"). This means that the kernel of Tg*g-^ is 
reduced to zero. We conclude by Proposition l4.3l that is a rigid function. 

(3) We need to prove that the range of T/d-sTG- isH{B). If Aij2(C™) is dense 
in T-L(B), then the range of Tjd-BTG- is dense in H{B). But Tjd-BTG' is 
an isometry. so it is all of T-L{B). We conclude that (i?. A) is a special pair. 

□ 

In the scalar case, for a function b e H°° verifying log(l — e L^, the 
polynomials are dense in H{b) ( |Sar94b| II-4). We verify the matricial analogue, 
namely that {pu, p G Pol+, u g C™} is dense in H{B). 

Because TaTa- < Ta-Ta, and Ta'Ta = Id — Tb'Tb and TbTb* < Tb'Tb, 
Douglas's Lemma O implies that MiA) d M{A*) = HiB*) d HiB) . 

Let p be a polynomial and u be a vector in C™. The range Ta^pu is of the form qu, 
where q is a polynomial with the same degree as p. Because {pu, p € Pol^ , u € C™} 
is dense in i?^(C™), so it is in M{Ta-') — HiB*). To complete the proof, we need 
to show that M{A*) is dense in 1-L{B). 

The link between T-L{B) and H{B*) is a corollary of Douglas's Lemma (see 
|Sar94b| L8): h is in HiB) is equivalent to Tb-H eH{B*). 

Because A is outer, kerT^. = {0}, so there exists an unique /i+ such that 
TB'h = TA'h^ ■ Moreover, the following formula (see |Sar94b) IV-1) holds in the 
matricial case: 

V/ii, h2 e n{B), {h^M)B = {hiM)2 + {ht,h+)2- 

Let h be in ^.{B) orthogonal to M{A*) (for the inner product of HiB)). Then, for 
all n > 0, {h,TA'S*"h)-H(B) = 0, and by unicity, {TA'S*"h)+ = TA'S*'^h+. 
Now, we can show that h is null. For all n > 0, we have 

= {h,TA^S*-''h)H(B) - {h,TA^S*-^h)2 + {h+,TA-.S*'''h+)2 

= ^ / ((A(e^*)/i(e"),/i(e^*))c™ + (A(e'*)/^+(e**), /i+(e^*))c™) e™* dt. 
Zn J J 

The scalar function cj) : e'* ^ (A(e^*)/i(e^*), /i(e**))c" + (A(e^*)/i+(e**), /i+(e**))c™ 
lies in Hq. The same calculation with {TA'S*'^h,h)-^i^B) — implies that (f) S Hp, 
so (j) is constant equal to zero, and we obtain the density of {pu, p G PoIj^, u G C™} 
in niB). 

Corollary 5.3. Let [B,A) he a special pair. If G"^ is rigid, and U € H°°{C"^ — >■ 
C™) is an inner function of rank m, then (JJB,A) is special and ((/ — U B)^^ A)"^ 
is rigid. 

A consequence of ((/ — UB)^^A)^ being rigid is that (/ — UB)^^A is outer. 
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Proof. Because U is inner and {B,A) is a pair, {BU,A) is a pair too. 

Once again, Douglas's Lemma [3.21 allows us to show that H(-B) C H{UB). We 
have Tub = TuTb < Ts, so is Id - TbTb- <I- TubTb-v and n{B) C n{UB). 

The polynomials are dense in HiB) and in H{UB), so T-L{B) is dense in T-L{UB). 
Thanks to Proposition [5?2l rigid and {B,A) special implies that Aij2(C"') is 
dense in H{B), so in H{UB). Proposition 15.21 again, tell us that the pair {UB,A) 
is a special. As a consequence, the corresponding function 
{{I -UB)-^Ay is rigid. 

□ 

Lemma 5.4. Let {B, A) be a pair and let U E iJ°°(C™ C™) 6e an inner function 
of rank m verifying B = UBq. Let A' := (/ — BqU)G. Then Ti^-bTg* rnaps the 
range of the operator Tq,-ijjq onto U A' 

Proof. By construction, it is clear that A' is outer in H°°{C"^ — >■ C"). Because 
B = UBq, we obtain the equality 

(Id - B)UG = [Id - UBo)UG = U{Id - BoU)G ^ UA'. 

So the range of Tm-bTg-Tg^-wg is UTa'H^C"'). 

□ 

Now, we state the matricial analogue of Hayashi's theorem. 

Theorem 5.5. Let = GKjj he a nearly S* -invariant subspace o/iJ^(C™), where 
G e H^iC"" ^ C™) is outer and U G i?°°(C'" ^ C") is inner, verifying U{0) = 
and rank [7 — m. We write 

A (Id - UBo)G, A' := {Id - BqU)G and Gj, := (Id - Bo)A' . 

Then, J- is the kernel of a Toeplitz operator if and only if B = UBq, the pair 
{Bq.A') is special and G'q is rigid. 

Proof. Let T = GK(j be the kernel of a Toeplitz operator. Then, Theorem 13.51 
implies that B = UBq, and Lemma [4.41 gives that T = kerT^.j/.p-i and so 

ff2(C'") = J- ®^ Tg^-iugH^C"^). 

The section LIO of |Sar94b) . valid in the matricial case, gives the following or- 
thogonal decomposition: 

H{B) = Ku 0-^^ UH{Bo). 

The operator Tid-BTc" is an isometry from Il'^{C"') to T-L{B). Lemma [5^ tells us 
that it maps the range of Tg-'-^ug onto UTa' H'^ (C™) . Moreover, it maps on 
Kjj. So, we get the following diagram: 

i72(c™) = J- ®-L Tg^-iugH^CC"') 
TicI-bTg" i i i 

H{B) = Ku Un{Bo). 

It follows that J7A'i/2(C") is dense in UU^Bq). On HiB), Tu is an isometry, so 
A'iJ^(C'") is dense in H{Bo). We conclude this implication using Proposition 15.21 
The fact that A'H^{C"') is dense in 'H(Bo) imphes that {Bq, A') is special and Gg^ 
is rigid. 
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Conversely, we can reverse the reasoning. The pair {Bo,A') is special and G'q 
is rigid imply that A'H'^{C"') is dense in HiBo) and so UA'H'^{C"') is dense in 
UH{Bq). The diagram holds to be true, so 

Tid-BTG.TG^-WGHHC^- f = Tm-bTg' {UH{Bo))^ = Ku- 



It follows that T = GKjj = Tg*-iugH'^ (C™ ) is the kernel of the Toeplitz operator 

Tq,u,q-1. 

□ 

As mentioned in Sarason's article |Sar94a) . the proof contains a recipe for con- 
structing a non-trivial proper subspace F C if^(C™) which is the kernel of a 
Toeplitz operator. We repeat the process. 

We begin with the particular case r = m: Take an outer function Gq G i/^(C™ — > 
C™) such that G'^ is rigid and with an inner function U G i/°°(C'" C") 
vanishing at zero. The pair associated to Gq is {Bq,A'). Let B = UBq, G ~ 
{Id-BoU)-^A' and A = {Id-UBo)G. Thanks to Proposition [521 the pair {B,A) 
is special and G^ is rigid. Then T = GKu is a nearly S'*-invariant subspace which is 
the kernel of the Toeplitz operator with symbol G*U*G^^ . With this construction, 
dim W is equal to m. 

We can adapt the general case r < m from the particular case r = m. With the 
previous notation, J" = GKu, with G G H'^{C'' C") outer, so ^ = H'^{G) where 
G is a subspace of C™ of dimension r. Working in iJ^(G) allow us to apply the 
previous theorem and the unitary matrix Qq to come back in _ff^(C™). 
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